International Journal of Theoretical Physics, Vol. 15, No. 11 (1976), pp. 877-884

On the ‘‘Near to Minimal’’ Canonical Realizations
of the Lie Algebra C,

M. HAVLICEK and W. LASSNER

Joint Institute for Nuclear Research, Head Post Office, P.O. Box 79, Moscow

Received: 20 October 1975

Abstract

It is proved that canonical realizations of the Lie algebra C,, in the quotient division
ting Dy (ap ) of the Weyl algebra Wo(p,—2) in 27 — 2 quantum canonical pairs are,
in 2 definite sense, related to the standard minimal one in Dyy, C Dy (25— 9). Further,
in any realization of Cy; in Wy(2; 1) all Casimir operators are realized by multiples
of identity element.

1. Introduction

The main purpose of this note is to prove two assertions concerning the
canonical realizations of the Lie algebra C,, = sp(2n, C), n > 1, through
rational functions or polynomials in a certain number of quantum canonical
pairs p; and q;. More precisely we are interested in realizations of C, in the
Wey algebra W, (5, 1), i.e., through polynomials in 2n — 1 canonical pairs
or in the quotient division ring D (34— ) of Wy (2n_2), i-¢., through rational
functions in 2n — 2 canonical pairs.

It is well known (Simoni and Zaccaria, 1969; Joseph, 1974) that canonical
realizations of the Lie algebra C,, do notexistin D,,, if m<m If m=n, all
realizations of C, are related through an endomorphism of D,,, (“equivalent™)
to one standard realization 7 and Casimir operators are realized by multiples
of identity element (we call such realizations Schur realizations).

In this note we generalize the concept of related realizations and derive,
first, a sufficient condition for realizations of C,, in D,,, with any m > n to
be related to the standard realization 74 in D,,, C D,,,. In combination with
Joseph's result (Joseph, 1974) it gives our first result: Any realization of C,
inDj(0n_ gy is related to 7 in Dy,, € Dy (25— 2)- As a consequence, the value
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of every Casimir operator in any realization in Dy 2, _ ) is the same as in
realization 74, which particularly means that all realizations of C,, in
Dj (2n—2) are Schur realizations. Our second result is that this last property
is conserved in Wy (2,-1), though there appear new realizations that are not
related to realization 74 (HavliCek and Lassner, 1975).

In the Conclusions we compare C,,, in this respect, with the remaining
complex classical Lie algebras.

2. Preliminaries

A. In C, of Cartan’s classification of complex simple Lie algebras we
choose a basis of 7(2n + 1) elements Xz = —€4€4 X8 satisfying

[Xp% X57] =857 X% — 65°Xs" +€aepd ;" XTo + €56,00, X7 (2.1)
€y =Sign o, B,y, 8 =21, 22, ... %n

B. A canonical realization of a Lie algebra (associated algebra, quotient
division ring) G is 2 homomorphism of G in the Weyl algebra W,y (i.e., in
the complex algebra of polynomials in 2V variables g, p? satisfying
[90,95) = [P*, PP1 = 0 [qa, PP] = —8,F or in the associated quotient
division ring D, x (i.e., in the rational functions in g,, p®). For an exact
definition and foundation of D, 5 see Gelfand and Kirrilov (1966).

A canonical realization of a Lie algebra is called a Schur realization if any
Casimir operator (i.e., any element from the center of the enveloping
algebra) is realized by multiple of the identity.

Definition I. Let realization
T G ”’Dzn CDZ}’I’

of the Lie algebra G in the quotient division subring D, of Dy
and realization

70 G~ Dy
be given. 7' is called related to 7 i.f.f. a realization
& Doy > Doy
exists such that
dc =1

This definition generalizes the concept of related realizations infroduced in
our previous papers. If Dy, = D, we obtain the old definition of related
realizations in the sense that 7 and 7’ are said to be related iff either 7 is
related to 7’ or 7 is related to 7.
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3. Properties of Realizations of Cy, in Dy (2n—2y and Wi (an—1)

Lemma 1. (i) The following formulas give a canonical realization
7o of the Lie algebra Cy, in Do,;:

1o(X) = —qip' —48/1. i,j>0
= qop'r”, i>0,j<0
= ...,qalq__l-q]-, i< O,f >0
X i = i ]
TO( n ) QOP l-> 0 (3])
= MCI»—Z' l< O
16X/ = qplare(X, )y i>0

1

~(ro(X, =% <0
70(X,") = —do

TO(X«’Z-H) = (ISI (TO(Xnn) + %)(TG(XHH) + %)
To(X,") = ”qopo -q'p

where g -p=qop® ++ +q,_1p" " and i j=—(n ~ 1), =1 1,
=1

(if) 7 is a Schur realization.

It is straightforward to verify that the generators 74(X5*) from (3.1) obey
the commutation relations (2.1) of C,,. The realization (3.1) is a minimal one
since only # canonical pairs occur and therefore it must be a Schur realization
(see Joseph, 1974).

If n' > n, the realization 7, can be defined in D,,/. We then without
mention assume 74(Cp,) € D2(q 0, P, - - s Gp—1, P" 1) C Doy where
Dyu(qo, P, - . - 4n—1, ") denotes the quotient division subring of Dy
generated by the first 7 canonical pairs g, p°, . . ., dp_1, p" 1. The realiza-
tion 74 will be called the standard minimal one.

Lemma 2. Let 7 be any nontrivial realization of C,, with n=>2in
D,,, n' = n, fulfilling the condition

HXF +46 0%, - X,'X,F1 =0 (3.2)

at least for one positive pair k, /=1, 2, ..., 17 — 1. Then 7 is related
0 Tq, i-€., 90 7¢ = 7. The realization §: D,,, > D, is defined by
the relations

3qx) = Ok, o(p*) = P*
Nao) = —1(X;™),  O(@°) = [1(2X,M)] 7 [7(X,") + Qi P¥1(3.3)
O =-1X.%), P =[x, 7 r(X,")
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Proof. Let us for abbreviation write X'B‘" = T(Xﬁ“).ﬁNote that, owing to
the simplicity of the Lie algebra C,;, X,,” = O implies Xz* = 0 forall o, §,
which is in contradiction with the assumption of nontriviality of 7. Therefore

X," is anonzero element of D,y and we can define

Pr=(X,"71k5, Ov=-XF% k=1,..,n-1
P=0X,") VR, + 0kP), Qo= -X;" (3.4)

(summation over k)

It is easy to prove, using commutation relations (2.1), that they commute as
canonical pairs, i.e.,

[P, Q5] = 85% [0, Qg] = [P, PP] =0, ,$=0,1,2,...,n—1

Further, one can show that the rational functions

VE=XF+ QP +isF  ki=1,...,n-1 (3:5)
Y7t =27 + 05 0k 0y (3.6)
ﬁl =X]il - QoPkPl G

commute as the generators of G, _;.
Condition (3.2) is equivalent to ¥,¥ = 0 and since C,_; isa simple Lie
algebra it follows that

Ve, =¥%=¥F=0forallk,I=1,..,n—1 (3.8)
Thus from (3.5)~(3.7) we get
X'= QP -%s/,  ij>0
QoPP7, i>0,j<0 (3.9)
-05'0-:0;, i<0,j>0

i

i

Further, (3.4) yields
X, = —QoP, i>0
= Qs i<0
X,"= QP -Q P (311

where Q- P=QoP%+ - +Q,_P" L
Now we show that condition (3.8) implies

Xe=—(X,"-HP*  k=1,2,...,1-1 (3.12)

(3.10)

Consider condition (3.8) Y¥, = 0 especially for k=1
Then Y%, = 0 gives, owing to (3.7) and (3.4),

XXk =— XX, k > 0 (no summation!) (3.13)
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when the commutator [X”,,,.] acts on this equation one gets
2%, X%, = X0 XK+ R F X,
and rewriting the right-hand side we obtain further
2)2;1" Alf.k = 2)?'_1_1{5(,,1{ + [j(nk, X’lk] = ijrik)?nk +Xlik
which implies
X% = (X, — DEENXEF)™

(Note that Xk~ 0 for the same reasons as X7 #0.) Thus, if we substitute
X by (3.9) and X,,* by (3.10) we find the desired expression (3.12). The
generators (3.9)-(3.12) are a generating set in the Lie algebra C,,, i.e., the
remaining generators can be computed as commutators of these.

It follows from the commutation relation of P* and Qg that the mapping ¢

Hqa) =0a
=0,1,..,n—-1
9(p*) =P
defines a realization of Dy, = D3,(q4, 7%, . . -, @pn 1, p" V) in Dy A comr-

parision with (3.1) shows that ¥ © 7, = 7 holds for the generating set of
generators of C,, (3.9)-(3.12) and therefore this must be true for the whole
algebra C,, .

Corollary 1. If for a nontrivial realization 7 of C,;, n 2 2, in Dy,
n' > n, condition (3.2) is fulfilled, then for any Casimir operator
zof C,

T(z)=To(z) =0, 1,0, C

ie., 7is a Schur realization and the realization of any Casimir
operator of C;, has the same eigenvalues as in the standard minimal
realization 7.

Proof. The realization 74 is a Schur realization, i.e., 74(z) =, 1. The
relation 7= § © 74 gives

7(z) = ¥ [1o(2)] = ¥e, 1) = 0, 0(1) = ;1
because 3(1)=1.

Theorem 1. Let 7 be any realization of C,, n > 2, in Dy,

n<n' <2n—2.Then 7 is related to Tg,1.6. 7= & O 75, where ¥ is
given by equation (3.3). 7 is a Schur realization and any Casimir
operator has the same eigenvalues as in the standard minimal
realization 7.

Proof. Theorem 1 follows from Lemma 2 if we show that for any
realization 7 of ), in Dy,y, n <n' < 2n — 2 the condition (3.2) is fulfilled.
To show this, assume, on the contrary, that (3.2) does not hold. As equation
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(3.2) is equivalent to equations (3.8), it means that all the generators
(3.5)~(3.7) of the simple Lie algebra C,, _; are different from zero. Thus
according to (3.4) we can define #n — 1 new canonical pairs

}3’? = [?;@1_1)] - A;—l’ Qrz - An_}-‘-l
PO= 27 DN @R+ 0P, Qo =-T Y
r=1,2,..,n—2

(3.14)

Since it can be verified that the f’,-‘ and therefore the canonical pairs Qp,
P° commute with all @, PP defined by equations (3.4), we would have in
Dy, n<n' <2n—2,2n — 1 canonical pairs. But this is impossible asin
D,,; there do not exist more than n' canonical pairs (see Joseph, 1974).
Therefore condition (3.2) must be fulfilled and we use Lemma 2 and
Corollary 1.

Now we enlarge the number of canonical pairs to 2z — 1 and restrict
ourselves to the Weyl algebra Wy (5, —1)-

Theorem 2. Any realization 7 of the Lie algebra C,, in the Weyl
algebra Wy (5,,1) is a Schur realization.

Proof. For n =1 the realization 7 is minimal and therefore a Schur
realization (Joseph, 1974). For n > 2 we first choose 2n — 1 commuting
elements from the realization 7(UC,) C W (2, —1) of the enveloping algebra
UC,,. In notation from Lemma 2 and Theorem 1 they are

QO’ Ql’ e Qn—-l
[see equation (3.4)] and

0000, 0001, - - » Q602

[see equations (3.14) and (3.6)}. Adding realization 7(z) = Z of any Casimir
operator z, we obtain 2n commuting elements from Wy (5, 1. In accordance
with Joseph’s result (Joseph, 1972, Theorem 3.3) only two possibilities can
arise: (a) Either some of the 2# elements considered are realized by multiple
of identity element; or, (b) if (2) does not hold, a (finite) set of nonzero
complex numbers {oyz;} C C exists such that

> :0'(Q60)* 2= 0 (3.15)
1
Here the multi index notation is used, i.c.
. o~ » i o k,
010 Qo0YZ = s, iy kg k2108 Oy (Q0Q0)"
*+(QoQn o )n 22"

We exclude the second possibility. For this we consider Wy (2, 1) embedded
in its quotient division ring Dy (2, 1), Where canonically conjugate variables
PO . . pr-l PO . P"2 exist [see equations (3.4), (3.14), (3.5)-(3.7)].
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By means of multiple commutation of the variables P* and P? with equation
(3.15) we easily obtain

J gz =0

1
for all i and k considered. A nontrivial polynomiat

pix(2)= ; GriZ!, g #0
in one variable Z can be written as the product
Pin(2) = g I;I (Z-Bx1)'r=0, au.Bx€C
from which, as W, (,,,_1y does not contain a nontrivial divisor of zero, we
obtain
Z=Bi1

for some r. This contradicts, however, the assumption that (a) is not valid.
So, the possibility (b) is excluded and we dlscuss the possibility (a). If some
of the elements Qp = —X;", ..., Qp_q = —X n=1) are multiples of identity
then commutation relations (2.1) give 1mmed1ately that such @ are equal to
zero. It implies, owing to simplicity of the Lie algebra C,, that all génerators
X g _are zero, i.e., the realization is trivially a Schur realization, If some
QOQO, .. QOQn o is a multiple of identity, ie., if

A'};n ?;’f_l = X;ﬂf;lil B Xv;k)z’;(nml) =af

forsomek=1,...,n— 1, commutation relations with P0 give 7,5, =0.
The simplicity of the Lie algebra Cy, _, generated by the ¥’s leads to Y’ =0
foralli,j==1,...,%(n— 1) so that condition (3.2) is fulfilled and Lemma

and Corollary 1 can be applied.
So in all cases admissible by possibility (a) the realization 7 is a Schur
realization and proof is completed.

4. Conclusion

Denote by ni, the minimal number of canonical pairs such that non-
trivial realization of a given Lie algebra exists in Danyin- The values for the
four series of complex simple Lie algebras are given as follows (Joseph, 1974):

A, B,,n>1 o D,,n>2

Myin n 2n—2 n 2n—73

Denote further by k.« such a maximal integer that all realizations in
Wa(nmin + kmax) Of @ given Lie algebra are Schur realizations. For classical
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Lie algebras &k, exists and is given as follows:

A, B,,n>1 Cy D, n>2

K nax 0 1 n—1 1

As t0 kpay for A, see (Simoni and Zaccaria, 1969; Joseph, 1974; HavliGek
and Exner, 1975) for B,, and D,;; equality k., = # — 1 for the Lie algebras
C, is proved just in the present note. Maximality of k.5 follows from the
existence of one-parameter sets of realizations in Wy in + xmax) With
Casimir operators depending on this parameter (Simoni and Zaccaria, 1969;
Joseph, 1974; Havlicek and Lassner, 1976. b; Havli¢ek and Exner, 1975):
Substituting this parameter by Gnmin + kmax+1 irom the new pair

Qnmin + kmax +1> Drmin + kmax +1 We obtain non-Schur-realizations in

W2 (min + kmax +1)- The second set of values above shows the remarkable
distinction, as to k4, between C,, and the other classical Lie algebras;
realizations of C, in D (3,,—2), however, remain still related, in the sense
of Definition 1, to the standard minimal one.
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